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Abstract 

In supersymmetric models, the well-known tension between naturalness and 
experimental constraints is relieved if the squarks and sleptons of the first 
two generations are superheavy, with masses mheavy ~ 10 TeV, and all other 
superpartners are light, with masses mught ^ 1 TeV. We show that even 
if all scalar masses and trilinear A parameters are of order mteavy ^-t some 
high scale, a hierarchy of "iheavy/"^Ught ~ may be generated dynamically 
through renormalization group evolution. The required high energy relations 
are consistent with grand unification, or, alternatively, may be realized in 
moduli-dominated supersymmetry-breaking scenarios. 
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I. INTRODUCTION 



Supersymmetry is a well-motivated framework for extending the standard model of strong 
and electroweak interactions 0]. Among its many virtues, weak-scale supersymmetry pro- 
vides a natural solution to the gauge hierarchy problem, realizes gauge unification without 
the ad hoc introduction of additional particles, and elegantly explains electroweak symmetry 
breaking in terms of the large top quark mass. 

Given the most general possible set of soft supersymmetry-breaking terms, however, su- 
persymmetric models violate many well-known laboratory constraints, particularly those on 
flavor- changing neutral currents (FCNC) and CP violation. Indeed, studies of the super- 
symmetric contributions to rare processes place severe constraints on flavor mixing in the 
sfermion (/) mass matrices, 

m)Jff^ + h.c. , / = Q, f/, L, E , (1) 

where i, j are generational indices, Q denotes quark SU(2) doublets, U and D up- and down- 
type quark singlets, L lepton doublets, and E lepton singlets. For example, in the basis in 
which the fermion mass matrices are diagonal, the Kl — Kg mass difference requires 

■10 TeVl^ 

m 

where m denotes the average squark mass If we assume at most moderate suppres- 
sions of the second bracketed term from squark degeneracy or squark-quark alignment, this 
bound implies m ^ 10 TeV. The constraint from the CP-violating parameter is even 
more severe, requiring m ^ 100 TeV for 0{1) CP-violating phases. Electron and neutron 
electric dipole moments provide constraints that are less stringent, but nevertheless impor- 
tant, because they are flavor-conserving and therefore unsuppressed by sfermion degeneracy. 
For 0{1) CP-violating phases, the electric dipole moments require m ^ 2 TeV. Other dif- 
ficulties, such as too rapid proton decay through dimension-five operators in grand unified 
theories and cosmological problems caused by late-decaying moduli 0] , are also alleviated 
if the superpartner and gravitino masses are heavy. 

The above constraints are most easily satisfied if all supersymmetric scalars are at the 
10 TeV scale. However, such heavy sfermions are in apparent conflict with naturalness, 
the requirement that there be no large cancellations in radiative corrections. Naturalness 
suggests that the superpartner masses should be at most ~ 1 TeV. This conflict may be 
avoided, however, by observing [^|-|^ that the most stringent laboratory constraints apply to 
quantities associated with the first two generations, while naturalness primarily restricts the 
third-generation sfermions, which couple to the Higgs sector with large Yukawa couplings. 
The laboratory and naturalness constraints may be simultaneously satisfied if the scalar 
masses exhibit an inverted mass hierarchy: third-generation scalars are light with masses 
flight ~ 1 TeV, while the first two generation scalars are heavy, with masses mheavy ~ 10 
TeV. 

In this letter we will present a mechanism for generating such an inverted mass hierarchy 
dynamically, through renormalization group evolution. Our scenario preserves and utilizes 
the appealing features mentioned above. As will become clear, the scenario is compatible 
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/m 



< 1 
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with grand unification, and assumes no additional gauge dynamics or particle content (aside 
from a right-handed neutrino). In addition, the large top quark Yukawa coupling, which 
drives electroweak symmetry breaking, is also used to generate the inverted hierarchy. In 
our scenario, the inverted hierarchy is no accident: both heavy fermions and light scalars 
are necessarily associated with large Yukawa couplings. 

This approach was first investigated in Ref. and then extended and generalized to 
the case of unified theories in Ref. Both of these papers assumed the hierarchy m ^ 
A, mi/2 between the scalar masses, m, on the one hand, and the trilinear couplings A and 
gaugino masses, mi/2, on the other, as would follow, for example, from an approximate U(l)i^ 
symmetry. It was found that the third-generation scalar masses can indeed be exponentially 
suppressed when renormalization group evolution drives them to a zero-value infrared fixed 
point. In Ref. hierarchies of '^heavy/^^Ught ~ 20 were realized. This solves some of the 



phenomenological problems discussed previously, but only alleviates others. (See Ref. |T0 
for a detailed discussion.) 

In this study, we relax the restriction on the A parameters and consider the hierar- 
chy m, y4 ^ rni/2. Such a hierarchy emerges naturally, for example, in moduli-dominated 
supersymmetry-breaking scenarios [|ll|-|13[. The fixed-point structure may be analyzed as 
before, but now including both scalar masses and A parameters. We find that the pres- 
ence of the A parameters leads to greatly improved results, with possible hierarchies of 
^heavy/''^Hght ~ ^00 and mheavy ^ 10 TcV uaturally achieved. 



II. NATURALNESS AND FIXED POINTS 



The radiative generation of electroweak symmetry breaking is one of the most important 
and appealing features of supersymmetry. At the weak scale, the necessary condition is 
conveniently expressed by the following (tree-level) equation: 

1 2 mjj - tan^ (3 ^ 

-my = TT-:-^ , (3) 

2 ^ tan^ p-1 ^ ' ^ ^ 

where and are soft Higgs boson parameters, fi is the supersymmetry-preserving 
Higgs mass, and tan /3 = / (H^) is the usual ratio of Higgs vacuum expectation values. 
A theory is regarded as natural if Eq. (^) is free from large cancellations. 

The parameters and rriH^ are determined by renormalization group evolution from 
high energies. Schematically, the one-loop evolution equations for the soft masses are of the 
form 

Ym'^ + - , (4) 

where (positive) numerical coefficients are suppressed. We have used the following nota- 
tion: ( ) = djdt^ where t = In {Q^/Q"^) and Qq is the initial renormalization scale; and 
a = (yf^/lGvr^ = a/An and Y = h'^/lGrc^, where g and h are gauge and Yukawa couplings, 
respectively. Our conventions for the A parameters are that the trilinear soft terms have the 
form Ah(f)i(j)j(f)k. Clearly, the weak-scale Higgs boson parameters are most strongly affected 
by the third-generation sfermions because of their large Yukawa couplings. In contrast, 
the contributions from the first two generations of sfermions are suppressed by their Yukawa 
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couplings, and are very smalLQ From this we conclude that the third generation is intimately 
related to the naturalness problem, while the first two generations effectively decouple. 

Let us now assume m, A ~ mheavy at some high energy unification scale, and that 
the third-generation Yukawa couplings are unified throughout their renormalization group 
evolution. (Splittings of the Yukawa couplings will be taken into account in the numerical 
results to follow.) Let us also assume the gaugino masses are of order mught, so they can be 
neglected in the following analysis. (Note that gaugino masses cannot be hierarchically sup- 
pressed: mi/2/a is an evolution invariant at one-loop, which, along with Eq. (^), constrains 
mi/2 ~ "flight-) The one-loop evolution equations for the third-generation scalar masses and 
A parameters may be collectively written as 

= -YNi^m] , (5) 

where m? is a vector containing both and parameters, and AT is a matrix of positive 
constants determined by color and SU(2) factors. This set of equations is easily solved by 
decomposing arbitrary initial conditions into eigenvectors of A/", each of which then evolves 
independently. Indeed, if N has eigenvectors Cj with eigenvalues Aj, the initial condition 

m\t = Q)=Y,c,e, (6) 

evolves to 



r /■*/ 

L "^0 



Ydt 



(7) 



The existence of zero-value infrared fixed points follows immediately from the observation 
that eigenvectors with large Aj are asymptotically and exponentially "crunched" to zero at 
the low scale. If the initial conditions are dominated by such eigenvectors, the soft masses 
are rapidly suppressed relative to their initial values. Note that this suppression does not 
hold in the case of the first two generations because of the size of their Yukawa couplings. 
The dynamically generated hierarchy relates the observed hierarchy in the fermion sector 
to the desired (and inverted) hierarchy in the scalar sector, with large (small) Yukawa 
couplings producing heavy (light) fermions and light (heavy) superpartners. The exact 
hierarchy depends on various details such as the initial conditions for the soft parameters, 
the evolution interval, and the Yukawa couplings and their evolution. Below, we will define 
a suppression factor, or crunch factor, S", which will serve as a quantitative measure of the 
hierarchy achieved for given parameters in a particular model. 



III. THE SCALAR MASS HIERARCHY 

In this section, we consider a model with the particle content of the minimal supersym- 
metric standard model with a (heavy) right-handed neutrino, N , as suggested by unified 



^Sfermion masses of the first two generations may be important if tlie trace of hyperctiarge times 
m? does not vanish or if their masses are ^ 20 TeV. In the latter case, their two-loop effects are 
generally not negligible |@Jl^. See, however, Ref. |15| for models in which this difficulty is avoided. 
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models based on SO(IO) or larger groups. The analysis is similar, in principle, to that of 



Ref. |T^, but is extended to include heavy A parameters; this is crucial to improving the 
results. 

The superpotential is given by 



W = -htH^QU + hHdQD + KHdLE - KH^LN 



(8) 



where the matter fields Q, U, D, L, E, and are those of the third generation, and 
Hd are the two Higgs doublets, and all other Yukawa couplings may be neglected for this 



analysis. The sfermion mass matrices are assumed to be diagonal (see Sec. IV), but not 
necessarily degenerate at the boundary, which we take to be the unification scale, Mq- In 
this approximation, the evolution equations for the soft parameters are given by 



771% = 


-d,Yt{ml^ + ml + ml + Al) 


— y 
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(ml^+ml + ml + Al) 
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ml = 


-Yniml^+ml + ml + Al) 




2 1 2 1 2 1 a2\ 

+ mL + mE + A^) 


ml = 


-2Yr{ml^+ml + ml + Al) 






ml = 


-2Yr,{ml^+ml + ml + Al 


) , 




At = 


-GYtAt - Y,A, - YnAn , 






Ab = 


-YtAt - QY,A, - YrA^ , 






Ar = 


-3nA - ^YrAr - YnA^ , 






An = 


-WtAt - YrAr - AYnAn . 







(9) 

Let us assume further that the SO(IO) unification relations Yf = Y^ = Y^ = Y^ = Y and 
At = Af) = Ar = An = A are realized at Mg, and neglect for the moment deviations from 
these relations from renormalization group evolution. Then 



where 



[mH^,mfj, mQ,mjj, mj^^, m"? , m 
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i2 



-YNm^ 



(10) 
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(11) 



0000000 
The eigenvectors of A/", and their associated eigenvalues are 
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ei: 16,(2,1,1,1,2,1,1,1,4), 
62:8, (2,1,1,1,2,1,1,1,0), 
63:6, (2,1,0,-1,-2,0,-1,1,0) , 
64:4, (0,1,1,1,0,-3,-3,-3,0) , 

65:2, (0,-1,0,1,0,0,-3,3,0), (12) 

along with four eigenvectors of zero eigenvalue. Components of the initial conditions along ei 
and, to a lesser extent, 62, 63, 64, and 65, are rapidly suppressed during the renormalization 
group evolution. Note that the eigenvectors Ci and 62 are both consistent with minimal 
SO(IO) unification, where 16 = {Q, f/, D, L, E, N}, 10 D Hd}, and the SO(IO) group is 
broken in one step to the standard model group. The remarkably simple boundary condition 
given by ei, 

Am\^ = 1m\ = , (13) 



also has the largest eigenvalue, 16. (For comparison, the largest eigenvalue in ||T0[ was only 
8.) This eigenvector gives rise to the largest hierarchy. 

The above argument neglects many details. We therefore evaluate the renormalization 
group equations numerically at one-loop. The independent evolutions of the Yukawa cou- 
plings are included, and the right-handed neutrino is decoupled at its mass, Mj^. We do not 
include two-loop contributions in our analysis, nor do we include one-loop terms of order 



"flight- Two-loop contributions to the Yukawa evolution equations were considered in []TU 



and are required to establish how large the Yukawa couplings can be before perturbation 
theory breaks down. Here we use the results of |T0|, and consider only regions of parameter 
space where perturbation theory is valid and two-loop effects are small. 

We note that two- loop contributions to the scalar mass equations may be important, at 
least for the largest hierarchies that we will be able to achieve (mheavy ~ 20 TeV) |]7,l3 



However, such effects are not more important than one-loop O(miight) terms that we ignore. 
A complete two-loop analysis requires the specification of all mught parameters, and is highly 
model-dependent. Our aim here is only to establish the possibility of a very large radiative 
hierarchy, so we take a model-independent approach. Interesting issues such as radiative 
electroweak symmetry breaking, vacuum stability, and the light spectrum rely on the model- 
dependent O(miight) terms, and are outside the scope of this analysis. 

Given our assumptions, the theory is completely specified by the overall scale, mheavy, 
and two parameters: he, the universal third-generation Yukawa coupling at the unification 
scale, and Mjv, the right-handed neutrino mass. In Fig. |l|, we show the evolution of the 
scalar mass parameters from the unification scale, Mq ^ 2 x 10^^ GeV, to the weak scale, 
Mw = 1 TeV, for the boundary condition of Eq. (|l^), with mie = 10 TeV, he = 2 and 
Mn = 10* GeV. At the weak scale, an inverted mass hierarchy is generated, with all third- 
generation and Higgs mass parameters ^ 1 TeV, and the first two generation scalar masses 
(not shown) unsuppressed at ~ 10 TeV. The hierarchy is generated mostly during the first 
few decades of evolution, where the Yukawa couplings are large and almost universal, so the 
approximations made in the analytical arguments above are roughly valid. 

As in Ref. |T^], we quantify the radiatively generated mass hierarchy by a suppression. 



or crunching, factor 
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10^ 108 10^2 IQi^ 
Q (GeV) 

FIG. 1. The renormalization group evolution of the Higgs and third-generation sfermion masses 
(sohd) and the A term (dotted) in the super symmetric standard model with a right-handed neu- 
trino, for the boundary conditions of Eq. ([T^ ) with /ig = 2 and Mj^ = 10® GeV. First- and sec- 
ond-generation scalar masses (not shown) are approximately evolution invariant. Model-dependent 
effects of order mfjght modify solutions in the shaded region, and are not included. The suppression 
factor for this case \s S = 330 (see text). 



where fn^{Q) = Av[|m^((5)|]. The average is taken over all scalar degrees of freedom in the 
theory (but not the A parameters), properly weighted by color and SU(2) factors. In Fig. |^ 
we plot S in the (M^v, he) plane. We see that S depends strongly on both of these two 
parameters. In the upper left corner, where /ig ~ 2 and < 10® GeV, the value of S can 
be as large as 400! This should be compared with the maximal crunch factor S'^ax ~ 20 in 
10| . The large values of S are a result of the A parameter contributions in the one- loop 



evolution equations. The presence of the A parameters doubles the maximal eigenvalue. A,, 
and therefore squares the maximal 5*. A crunch factor of S* = 400 corresponds to mhcavy ~ 20 
TeV. This can solve all FCNC and CP problems, with the exception of ex, which is still 
beyond bounds if one assumes 0{1) phases. 
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1016 

(GeV) 

FIG. 2. The suppression factor S for the supersymmetric standard model with a right-handed 



neutrino and initial boundary conditions as given by Eq. (|13D. The parameter is the scale at 
which the right-handed neutrino decouples, and ho is the value of the universal Yukawa coupling 
at the unification scale, Mq ~ 2 x 10^^ GeV. 



IV. HIGH ENERGY SCENARIOS 



The fixed-point mechanism proposed above requires the hierarchy m,A ^ ^1/2- In 
addition, to achieve the greatest suppression factors, the scalar mass and A parameters 
must approximately satisfy the boundary condition of Eq. (^). (Small components along the 
other eigenvectors are tolerable, especially if their eigenvectors are also crunched, as are those 
of Eq. dT^).) As noted above, the necessary boundary conditions are consistent with grand 
unification. However, they may also find their origin in string scenarios. In this section we 
show that both the required hierarchy in soft parameters and the specific boundary condition 
of Eq. (|13D may be achieved in moduli-dominated supersymmetry-breaking scenarios with 
particular assignments of the modular weights. 

The soft supersymmetry-breaking parameters may be viewed as arising from external 
spurion fields that parameterize the hidden-sector supersymmetry breaking. Generally 
speaking, soft scalar masses arise from terms in the Kahler potential and therefore depend 
on D-tjpe supersymmetry breaking. Gaugino masses and trilinear A parameters arise from 
the gauge kinetic function and the superpotential and depend on F-type breaking. It is cer- 
tainly possible that different fields contribute to the different soft terms. In weakly-coupled 
heterotic string theory, for example, the tree-level gauge kinetic function depends only on 
the dilaton superfield S. The moduli fields T contribute to the scalar mass terms and the A 
parameters. If supersymmetry breaking is moduli-dominated, with Ft ^ Fs, it is natural 
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to have m, A ^ mi/2, as required.0 

In moduli-dominated supersymmetry-breaking scenarios, the scalar masses are fixed to 
certain discrete values, determined by integer-valued modular weights. It may then be 
possible not only to achieve the correct hierarchy, but also the correct ratios of Eq. (|13|). 
General discussions and formulae may be found in Refs. |]TT|-[T3|]. Following Ref. ||12[, for 



example, and assuming for simplicity that only one (overall) modulus T participates in 
supersymmetry breaking, one finds at tree-level that 

= (1 + rii) 

Ajk = [3 + ni + rij + nk - 26{T)] 1713/2 , (15) 

where is the modular weight of field i, and S{T) = ReT Ot In hijk is a quantity of order 
one if the vacuum expectation value of T and the derivative are of order one in Planck units. 
(In this case, the one-loop correction to the gaugino mass can be at most ~ mught.) We find, 
then, that the correct ratios in Eq. (^) are obtained for ^Q,t/,_D,L,_B,Af = 0, tih^^h^ = 1, and 
5 ~ 1. (This choice also implies a modular weight of —4 for the third-generation Yukawa 
couplings.) The dependence of S on he and 5 is given in Fig. |^. While non- negative weights 
are not characteristic of the most well-studied examples, such weight assignments for the 



standard model fields may be found in Abelian orbifold models [|TT|. 

Two comments are in order before concluding. Up to this point, we have neglected 
the off-diagonal scalar masses. Given the large radiative hierarchy, large 1-2 mixings are 
allowed by all flavor-changing constraints, although the requirement from may impose 
some restriction if CP-violating phases are 0{1). The 1-3 and 2-3 elements are still bounded, 
however, by the requirement that the weak-scale theory be tachyon-free. (See [0 for a more 



complete discussion of these constraints.) In the string context, it may be that these dan- 
gerous mixings are suppressed because different generations have discrete quantum numbers 
that forbid off-diagonal terms in the Kahler potential |TT|. Alternatively, string models of- 



ten possess additional U(l) groups, and the quantum numbers of different generations may 
suppress the scalar mass mixings |Tl|. (Such additional groups, however, may make it more 
difficult to obtain positive modular weights in the massless spectrum.) Note that while 
such stringy suppressions may already suppress flavor-violating effects, the superheavy ra- 
diative hierarchy possesses additional virtues, in that the 1-2 mixing need not be suppressed, 
and even flavor-conserving difficulties, such as the electric dipole moments and the Polonyi 
problem, are solved. 

Finally, we note that any tree-level relation such as Eq. (|1^) receives quadratically diver- 
gent one- loop corrections from non-renormalizable couplings |TB|, which fractionally are of 



order A^/lGvr^, where A is the cut-off in Planck units. These corrections are not calculable 
and can conceivably be large. Since they are loop-suppressed, we expect them to be small, 
of order a few percent, in which case they do not affect our discussion. 



^The /i and Bji Higgs mixing parameters may arise from both F- and D-type terms, so their 
origin is more model-dependent. The naturalness conditions discussed in Sec. || require that they 
both be 0(w.iight), and we will assume this to be the case, as a consequence, for example, of an 
approximate Peccei-Quinn symmetry. 
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FIG. 3. The suppression factor S for the supersymmetric standard model with a right-handed 
neutrino and initial boundary conditions given by Eq. (15), with nq^jj £, ^ e,n = 0, and uh^^h^ = 1. 



V. CONCLUSIONS 



In this paper we have examined the possibility that all scalar masses and A parameters 
are of order some superheavy scale, mheavy, when they are generated. The third-generation 
sfermions are driven to a scale mught ^ 1 TeV by their large Yukawa couplings. For boundary 
conditions that we have identified, an attractive zero-value fixed point allows hierarchies of 



heavy 



/mi 



:ht 



400. The necessary boundary conditions are consistent with SO (10) and 



similar grand unified theories. It is also possible that they have a stringy origin in terms of 
modular weights in moduli-dominated supersymmetry-breaking scenarios. 

If we take mheavy ~ 20 TeV, such a scenario leads to a supersymmetric theory which 
naturally preserves the gauge hierarchy. It also solves many difficulties common to super- 
symmetric models that follow from fiavor- and CP- violating constraints, proton decay,^ and 
cosmology. Detailed study of sub- TeV issues, such as electroweak symmetry breaking and 
the low energy spectrum, requires a model-dependent two-loop analysis. 

Although we have considered renormalization group evolution below the unification scale, 
our observations hold more generally. For example, we have verified that the crunch factors 
found in |Ty], in the case of evolution between the Planck and unification scales, are also 



enhanced by an order of magnitude once the trilinear A parameters are included, just as in 
the case of evolution below the unification scale discussed here. 



^More specifically, proton decay mediated by first- and second-generation sfermions is highly 
suppressed; however, recently analyzed processes involving third-generation scalars may still be 
dangerous [^. 
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Finally, we note that while this scenario suggests that the scalars of the first and second 
generation are all well beyond the direct discovery reaches of planned colliders, these theories 
are not exempt from experimental probes. In particular, this scenario predicts that all 
gauginos and third-generation scalars are below ~ 1 TeV, so measurements of the non- 
decoupling superoblique parameters should be possible. The superoblique parameters 
provide indirect measurements of mheavy, or the gravitino mass scale, and hence of the 
supersymmetry-breaking scale in the hidden sector. While some particles may evade direct 
detection in hierarchical scenarios, indirect signatures can provide important confirmation 
and extensive insights regarding the high energy theory. 
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